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Abstract
A great number of quantum control papers have used one of the variants of the monotonically
convergent variational control algorithm of Krotov (as described in Maday and Turinici (2003),
Tannor et al. (1992), Zhu and Rabitz (1998), etc.) The paper ”Speeding up Thermalisation via
Open Quantum System Variational Optimisation” by N, Suri, et al. [EPJST 227, 203 -216 (2018),
arXiv:1711.08776] provides us a way of carrying out Krotov algorithm for open quantum systems.
We shall prove the Theorem 1 of the paper, greatly expanding upon the brief treatment given in
the appendix 1 of the same.
∗ tejas.shetty@iitb.ac.in
1
I. INTRODUCTION
All symbols have the same meaning as in [4], unless specified otherwise. Here, |ψk〉〉
would mean |ψk(t)〉〉 and similarly for others. Whenever the term would be evaluated at a
time other than t, it would be explicitly mentioned as in |ψk(T )〉〉 or |ψk(0)〉〉.
II. PROOF
A. Initial algebraic excursions
From Equation 4 from [4] we have for the open quantum system case
J [|ψ〉〉, |χ〉〉, ξ(t)] = 〈〈ψ(T )|Q |ψ(T )〉〉 − 2Re
∫ T
0
dt〈〈χ(t)|
d
dt
+ iA(t) |ψ(t)〉〉 − α
∫ T
0
dtξ2(t)
(1)
|ψ(t)〉 follows the Schroedinger-esque equation i|ψ˙〉〉 = A(t) |ψ〉〉 from Equation 16 in [4].
Hence, we can drop the second term from Equation 1. Thus we are left with
J [|ψ〉〉, |χ〉〉, ξ(t)] = 〈〈ψ(T )|Q |ψ(T )〉〉 − α
∫ T
0
dtξ2(t) (2)
∆Jk = Jk+1 − Jk (3)
∆Jk =
{
〈〈ψk+1(T )|Q |ψk+1(T )〉〉 − α
∫ T
0
dt
[
ξk+1
]2}
−
{
〈〈ψk(T )|Q |ψk(T )〉〉 − α
∫ T
0
dt
[
ξk
]2}
(4)
∆Jk = 〈〈ψk+1(T )|Q |ψk+1(T )〉〉 − 〈〈ψk(T )|Q |ψk(T )〉〉 − α
∫ T
0
dt[(ξk+1)2 − (ξk)2] (5)
∆Jk = β − α
∫ T
0
dt[(ξk+1)2 − (ξk)2] , where (6)
β = 〈〈ψk+1(T )|Q |ψk+1(T )〉〉 − 〈〈ψk(T )|Q |ψk(T )〉〉 (7)
Let,
〈〈ψk+1(T )− ψk(T )| = 〈〈∆ψk(T )| (8)
|ψk+1(T )− ψk(T )〉〉 = |∆ψk(T )〉〉 (9)
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We know that,
〈〈ψk+1(T )|Q |ψk+1(T )〉〉 = 〈〈∆ψk(T )|Q |∆ψk(T )〉〉
+ 〈〈∆ψk(T )|Q |ψk(T )〉〉+ 〈〈ψk(T )|Q |∆ψk(T )〉〉+ 〈〈ψk(T )|Q |ψk(T )〉〉 (10)
Therefore,
〈〈ψk+1(T )|Q |ψk+1(T )〉〉 − 〈〈ψk(T )|Q |ψk(T )〉〉 = 〈〈∆ψk(T )|Q |∆ψk(T )〉〉
+ 〈〈∆ψk(T )|Q |ψk(T )〉〉+ 〈〈ψk(T )|Q |∆ψk(T )〉〉 (11)
Replacing 〈〈ψk+1(T )|Q |ψk+1(T )〉〉 − 〈〈ψk(T )|Q |ψk(T )〉〉 by β as in Equation (7), we have
β = 〈〈∆ψk(T )|Q |∆ψk(T )〉〉+ 〈〈∆ψk(T )|Q |ψk(T )〉〉+ 〈〈ψk(T )|Q |∆ψk(T )〉〉 (12)
β = 〈〈∆ψk(T )|Q |∆ψk(T )〉〉+ 2 Re
(
〈〈∆ψk(T )|Q |ψk(T )〉〉
)
(13)
From Equation (6) in [4] we have
Q |ψk(T )〉〉 = |χk(T )〉〉 (14)
Substituting in Equation (13)
β = 〈〈∆ψk(T )|Q |∆ψk(T )〉〉+ 2 Re
(〈〈
∆ψk(T )
∣∣χk(T )〉〉) (15)
Substituting this back in Equation (6) we have
∆Jk = 〈〈∆ψk(T )|Q |∆ψk(T )〉〉+ 2 Re
(〈〈
∆ψk(T )
∣∣χk(T )〉〉)− α ∫ T
0
dt[(ξk+1)2 − (ξk)2]
(16)
∆Jk = 〈〈∆ψk(T )|Q |∆ψk(T )〉〉+ γ − α
∫ T
0
dt[(ξk+1)2 − (ξk)2] , where (17)
γ = 2 Re{
〈〈
∆ψk(T )
∣∣χk(T )〉〉} (18)
We know that
Q = |τ〉〉〈〈τ | , where (19)
|τ〉〉 is the target state.
〈〈∆ψk(T )|Q |∆ψk(T )〉〉 = 〈〈∆ψk(T )| |τ〉〉〈〈τ | |∆ψk(T )〉〉 (20)
=|
〈〈
∆ψk(T )
∣∣τ〉〉 |2 (21)
Thus 〈〈∆ψk(T )|Q |∆ψk(T )〉〉 is a positive definite.
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B. The reorganization of gamma
From Equation (18) we have
γ = 2 Re
(〈〈
∆ψk(T )
∣∣χk(T )〉〉) (22)
γ = 2 Re
(∫ T
0
dt
(
d
〈〈
∆ψk
∣∣χk〉〉
dt
))
(23)
γ = 2 Re
(∫ T
0
dt
(〈〈
d∆ψk
dt
∣∣∣∣χk
〉〉
+
〈〈
∆ψk
∣∣∣∣dχkdt
〉〉))
(24)
γ = 2 Re
(∫ T
0
dt
(〈〈
dψk+1
dt
∣∣∣∣χk
〉〉
−
〈〈
dψk
dt
∣∣∣∣χk
〉〉
+
〈〈
ψk+1
∣∣∣∣dχkdt
〉〉
−
〈〈
ψk
∣∣∣∣dχkdt
〉〉))
(25)
Using Newton’s dot notation for differentiation we can rewrite the above equation as,
γ = 2 Re
(∫ T
0
dt
(〈〈
ψ˙k+1
∣∣∣χk〉〉− 〈〈ψ˙k∣∣∣χk〉〉+ 〈〈ψk+1∣∣χ˙k〉〉− 〈〈ψk∣∣χ˙k〉〉)) (26)
Obtaining the derivatives from Schroedinger’s equation (Equation (16) and Equation (17)
of [4])
i |ψ˙k〉〉 = Ak |ψk〉〉 (27)
〈〈ψ˙k| = i〈〈ψk|Ak† (28)
〈〈ψ˙k+1| = i〈〈ψk+1|A(k+1)† (29)
〈〈ψk−1| = i〈〈ψk−1|A(k−1)† (30)
i |χ˙k〉〉 = A˜k† |χk〉〉 (31)
|χ˙k+1〉〉 = −iA˜(k+1)† |χk+1〉〉 (32)
|χ˙k−1〉〉 = −iA˜(k−1)† |χk−1〉〉 (33)
Substituting the above snippets into Equation (26)
γ = 2 Re
(∫ T
0
(
i〈〈ψk+1|A(k+1)† |χk〉〉 − i〈〈ψk|Ak† |χk〉〉+ 〈〈ψk+1| − iA˜k† |χk〉〉 − 〈〈ψk| − iA˜k† |χk〉〉
))
(34)
γ = 2 Re
(
i
∫ T
0
dt
(
〈〈ψk+1|A(k+1)† |χk〉〉 − 〈〈ψk|Ak† |χk〉〉 − 〈〈ψk+1| A˜k† |χk〉〉+ 〈〈ψk| A˜k† |χk〉〉
))
(35)
γ = 2 Re
(
i
∫ T
0
dt
(
〈〈ψk+1|
(
A(k+1)† − A˜k†
)
|χk〉〉+ 〈〈ψk|
(
A˜k† − Ak†
)
|χk〉〉
))
(36)
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From Equation (14) of [4] we have,
A(t) = I ⊗H(t)−H∗(t)⊗ I + i
∑
k
(
L⊗k Lk − 0.5
(
I ⊗ L†kLk + L
T
kL
∗
k ⊗ I
))
, where (37)
H = H0 + ξ(t)µ (38)
One can also write Equation (37) as follows
A(t) = I ⊗H(t)−H∗(t)⊗ I + Lstuff , where (39)
Lstuff = i
∑
k
(
LTk ⊗ Lk − 0.5
(
I ⊗ L†kLk + L
T
kL
∗
k ⊗ I
))
(40)
H0, µ, are hermitian. (H0 = H
†
0, µ = µ
†). I, ξ(t) ∈ R. Lstuff is independent of ξ(t).
A(t) = I ⊗H(t)−H∗(t)⊗ I + Lstuff (41)
A(t) = I ⊗ (H0 + ξ(t)µ)− (H0 + ξ(t)µ)
∗ ⊗ I + Lstuff (42)
A(t) = I ⊗H0 −H0 ⊗ I + ξ(t) (I ⊗ µ− µ
∗ ⊗ I) + Lstuff (43)
A(t) = I ⊗H0 −H0 ⊗ I + Lstuff + ξ(t) (I ⊗ µ− µ
∗ ⊗ I) (44)
A(t) = hill + ξ(t)µL ,where (45)
hill = I ⊗H0 −H0 ⊗ I + Lstuff (46)
µL = I ⊗ µ− µ
∗ ⊗ I (47)
A(t) = hill + ξµL (48)
Since H(t) = H†(t), (H∗(t))† = (((H∗(t)))T )∗ = (H†(t))∗ = H∗(t).
A†(t) = (I ⊗H(t)−H∗(t)⊗ I + Lstuff )
† (49)
A†(t) = I ⊗H(t)−H∗(t)⊗ I + L†stuff (50)
A†(t) = I ⊗ (H0 + ξ(t)µ)− (H0 + ξ(t)µ)
∗ ⊗ I + L†stuff (51)
A†(t) = I ⊗H0 −H0 ⊗ I + L
†
stuff + ξ(t) (I ⊗ µ− µ
∗ ⊗ I) (52)
A†(t) = hilld + ξ(t)µL ,where (53)
hilld = I ⊗H0 −H0 ⊗ I + L
†
stuff (54)
µL = I ⊗ µ− µ
∗ ⊗ I (55)
L
†
stuff = −i
∑
k
(
LTk ⊗ Lk − 0.5
(
I ⊗ L†kLk + L
T
kL
∗
k ⊗ I
))†
(56)
A†(t) = hilld + ξµL (57)
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A(k+1)†(t) = hilld + ξk+1µL (58)
Ak†(t) = hilld + ξkµL (59)
A˜k(t) = hilld + ξ˜kµL (60)
A(k+1)† − A˜k† = µL(ξ
k+1 − ξ˜k) (61)
Similarly,
A˜k† − Ak† = µL(ξ˜
k − ξk) (62)
Rewriting Equation (36) we have,
γ = 2 Re
(
i
∫ T
0
dt
(
〈〈ψk+1|
(
A(k+1)† − A˜k†
)
|χk〉〉+ 〈〈ψk|
(
A˜k† − Ak†
)
|χk〉〉
))
(63)
Using Equation (61) and Equation (62) in the above equation we have,
γ = 2 Re
(
i
∫ T
0
dt
(
〈〈ψk+1|
(
µL(ξ
k+1 − ξ˜k)
)
|χk〉〉+ 〈〈ψk|
(
µL(ξ˜
k − ξk)
)
|χk〉〉
))
(64)
γ = 2 Re
(
i
∫ T
0
dt
(
〈〈ψk+1|µL |χ
k〉〉(ξk+1 − ξ˜k) + 〈〈ψk|µL |χ
k〉〉(ξ˜k − ξk)
))
(65)
γ = −2 Im
(∫ T
0
dt
(
〈〈ψk+1|µL |χ
k〉〉(ξk+1 − ξ˜k) + 〈〈ψk|µL |χ
k〉〉(ξ˜k − ξk)
))
(66)
γ =
(∫ T
0
dt
(
−2 Im{〈〈ψk+1|µL |χ
k〉〉}(ξk+1 − ξ˜k)− 2 Im{〈〈ψk|µL |χ
k〉〉}(ξ˜k − ξk)
))
(67)
γ =
(∫ T
0
dt (term1 + term2)
)
, where (68)
term1 = −2 Im{〈〈ψk+1|µL |χ
k〉〉}(ξk+1 − ξ˜k) (69)
term2 = −2 Im{〈〈ψk|µL |χ
k〉〉}(ξ˜k − ξk) (70)
There is a minor change in the Equations (7) and (18) of [4]. We assume here that the
sign of ξ(t) in the Equation (2) of [4] is correct. The correct version of Equations (7) and
(18) are as follows:
ξ(t) =
1
α
Im 〈χ(t)|µ |ψ(t)〉 (71)
ξ(t) =
1
α
Im〈〈χ(t)|µ |ψ(t)〉〉 (72)
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This causes changes in other Equations 10 and 11 in [4]
ξk = (1− δ)ξ˜k−1 +
δ
α
Im 〈χk−1|µ |ψk〉 (73)
ξ˜k = (1− η)ξk +
η
α
Im 〈χk|µ |ψk〉 (74)
While the Equations 21 and 22 in [4] remain unaffected.
ξk = (1− δ)ξ˜k−1 +
δ
α
Im〈〈χk−1|µL |ψ
k〉〉 (75)
ξ˜k = (1− η)ξk +
η
α
Im〈〈χk|µL |ψ
k〉〉 (76)
From Equation (21) of [4] , we have
ξk = (1− δ)ξ˜k−1 +
δ
α
Im〈〈χk−1|µL |ψ
k〉〉 (77)
ξk = (1− δ)ξ˜k−1 −
δ
α
Im〈〈ψk|µL |χ
k−1〉〉 (78)
ξk − (1− δ)ξ˜k−1 = −
δ
α
Im〈〈ψk|µL |χ
k−1〉〉 (79)
−
δ
α
Im〈〈ψk|µL |χ
k−1〉〉 = ξk − (1− δ)ξ˜k−1 (80)
Im〈〈ψk+1|µL |χ
k〉〉 = −α
(
ξk+1
δ
−
(
1
δ
− 1
)
ξ˜k
)
(81)
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From Equation (22) of [4] with different sign of η in the second term on the RHS, we
have
ξ˜k = (1− η)ξk +
η
α
Im〈〈χk|µL |ψ
k〉〉 (82)
ξ˜k = (1− η)ξk −
η
α
Im〈〈ψk|µL |χ
k〉〉 (83)
ξ˜k − (1− η)ξk = −
η
α
(
Im〈〈ψk|µL |χ
k〉〉
)
(84)
−
η
α
(
Im〈〈ψk|µL |χ
k〉〉
)
= ξ˜k − (1− η)ξk (85)
Im〈〈ψk|µL |χ
k〉〉 = −
α
η
(
ξ˜k − (1− η)ξk
)
(86)
Im〈〈ψk|µL |χ
k〉〉 = −α
(
ξ˜k
η
−
(
1
η
− 1
)
ξk
)
(87)
Substituting Equation (81) in Equation (69) we get
term1 = −2 Im〈〈ψk+1|µL |χ
k〉〉(ξk+1 − ξ˜k) (88)
= 2α
(
ξk+1
δ
−
(
1
δ
− 1
)
ξ˜k
)
(ξk+1 − ξ˜k) (89)
= α
(
2ξk+1
δ
− 2
(
1
δ
− 1
)
ξ˜k
)
(ξk+1 − ξ˜k) (90)
= α
(
2ξk+1
δ
− ξk+1 + ξk+1 −
(
2
δ
− 1
)
ξ˜k + ξ˜k
)(
ξk+1 − ξ˜k
)
(91)
= α
((
2
δ
− 1
)
ξk+1 + ξk+1 −
(
2
δ
− 1
)
ξ˜k + ξ˜k
)(
ξk+1 − ξ˜k
)
(92)
= α
((
2
δ
− 1
)
ξk+1 −
(
2
δ
− 1
)
ξ˜k + ξk+1 + ξ˜k
)(
ξk+1 − ξ˜k
)
(93)
= α
((
2
δ
− 1
)(
ξk+1 − ξ˜k
)
+ ξk+1 + ξ˜k
)(
ξk+1 − ξ˜k
)
(94)
= α
(((
2
δ
− 1
)(
ξk+1 − ξ˜k
))
+
(
ξk+1 + ξ˜k
))(
ξk+1 − ξ˜k
)
(95)
= α
(((
2
δ
− 1
)(
ξk+1 − ξ˜k
)(
ξk+1 − ξ˜k
))
+
((
ξk+1 + ξ˜k
)(
ξk+1 − ξ˜k
)))
(96)
= α
(((
2
δ
− 1
)(
ξk+1 − ξ˜k
)2)
+
((
ξk+1
)2
−
(
ξ˜k
)2))
(97)
= α
(
2
δ
− 1
)(
ξk+1 − ξ˜k
)2
+ α
((
ξk+1
)2
−
(
ξ˜k
)2)
(98)
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Substituting Equation (87) in Equation (70) we get
term2 = −2 Im〈〈ψk|µL |χ
k〉〉
(
ξ˜k − ξk
)
(99)
= 2α
(
ξ˜k
η
−
(
1
η
− 1
)
ξk
)(
ξ˜k − ξk
)
(100)
= α
(
2ξ˜k
η
−
(
2
η
− 2
)
ξk
)(
ξ˜k − ξk
)
(101)
= α
(
2ξ˜k
η
−
(
2
η
− 1
)
ξk + ξk
)(
ξ˜k − ξk
)
(102)
= α
(
2ξ˜k
η
− ξ˜k + ξ˜k −
(
2
η
− 1
)
ξk + ξk
)(
ξ˜k − ξk
)
(103)
= α
((
2
η
− 1
)
ξ˜k + ξ˜k −
(
2
η
− 1
)
ξk + ξk
)(
ξ˜k − ξk
)
(104)
= α
((
2
η
− 1
)
ξ˜k −
(
2
η
− 1
)
ξk + ξ˜k + ξk
)(
ξ˜k − ξk
)
(105)
= α
((
2
η
− 1
)(
ξ˜k − ξk
)
+
(
ξ˜k + ξk
))(
ξ˜k − ξk
)
(106)
= α
(
2
η
− 1
)(
ξ˜k − ξk
)2
+ α
((
ξ˜k
)2
−
(
ξk
)2)
(107)
Adding both term1 and term2, we get
= α
(
2
δ
− 1
)(
ξk+1 − ξ˜k
)2
+ α
((
ξk+1
)2
−
(
ξ˜k
)2)
+ α
(
2
η
− 1
)(
ξ˜k − ξk
)2
+ α
((
ξ˜k
)2
−
(
ξk
)2)
(108)
= α
((
2
δ
− 1
)(
ξk+1 − ξ˜k
)2
+
((
ξk+1
)2
−
(
ξ˜k
)2)
+
(
2
η
− 1
)(
ξ˜k − ξk
)2
+
((
ξ˜k
)2
−
(
ξk
)2))
(109)
= α
((
2
δ
− 1
)(
ξk+1 − ξ˜k
)2
+
(
2
η
− 1
)(
ξ˜k − ξk
)2
+
(
ξk+1
)2
−
(
ξk
)2)
(110)
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From Equation (68), we have
γ =
(∫ T
0
dt (term1 + term2)
)
(111)
γ =
(∫ T
0
dt
(
α
((
2
δ
− 1
)(
ξk+1 − ξ˜k
)2
+
(
2
η
− 1
)(
ξ˜k − ξk
)2
+
(
ξk+1
)2
−
(
ξk
)2)))
(112)
γ = α
∫ T
0
dt
((
2
δ
− 1
)(
ξk+1 − ξ˜k
)2
+
(
2
η
− 1
)(
ξ˜k − ξk
)2)
+ α
∫ T
0
dt
((
ξk+1
)2
−
(
ξk
)2)
(113)
γ − α
∫ T
0
dt
((
ξk+1
)2
−
(
ξk
)2)
= α
∫ T
0
dt
((
2
δ
− 1
)(
ξk+1 − ξ˜k
)2
+
(
2
η
− 1
)(
ξ˜k − ξk
)2)
(114)
Rewriting Equation (17), we have
∆Jk = 〈〈∆ψk(T )|Q |∆ψk(T )〉〉+ γ − α
∫ T
0
dt
((
ξk+1
)2
−
(
ξk
)2)
(115)
Substituting Equation (114) in the above equation we have
∆Jk = 〈〈∆ψk(T )|Q |∆ψk(T )〉〉+ α
∫ T
0
dt
((
2
δ
− 1
)(
ξk+1 − ξ˜k
)2
+
(
2
η
− 1
)(
ξ˜k − ξk
)2)
(116)
∆Jk is a sum of two terms. The first term is proved to be positive in the subsection IIA.
The second term is a integral of sum of two squares. This makes it a positive definite too if(
2
δ
− 1
)
> 0 and
(
2
η
− 1
)
> 0 (117)
δ < 2 and η < 2 (118)
. Thus ∆Jk is a positive definite for all k for all δ, η < 2.
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